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A Proofs of the Main Results

Proof of Proposition 1:

Proof. For any 6 € ©, define K(0,60y:) = E(L,(0)) = E[l(0, yit, x;)]. Under Assumption 1(iv),
it can be shown that K (6, 60n;) < d(0,00;)?. For the finite-dimensional linear sieve spaces ©,,, it
can be shown that Condition A.3 of Chen and Shen (1998) is satisfied with &, = /kn/n (see
Section 3.3 of Chen (2007)). By the definition of d and the properties of the check function, it

is easy to see that,!

sup  Var[l(f,yu,z)] < sup  E[L(0, i, x))
0€0,,,d(6,00¢)<e 0€0,,,d(0,00¢)<e

S swp E(0@) o)’ <
0€O,d(0,00:)<e
Thus, Condition A.2 of Chen and Shen (1998) is also satisfied. By Assumption 1(iii) we
have supgce |1(8, yit, Ti)| < supgee supy |6(x) — or(x)| < oco. Assumption 1(ii) implies that
d(mnbot, Oor) = \/ E (m,00:(x;) — HOt(wi))Q = O(k,,*). Therefore, it follows from Corollary 1 of
Chen and Shen (1998) that

T
P [mtaxd(ént, Oot) > C’snT} < ZP [d(ém, Oot) > CsnT} < ¢1 exp {02 InT(1-— 02n52)}

n
t=1

'Note that |pr(u1) — pr(u2)| < 2|ur — uz|.



for any C' > 1. Therefore, the desired result follows from the above inequality since ne2 > k,. [

Lemma 1. If Assumption 1 and Assumption 2(i) hold, and €, is defined as in Assumption 1,
then:

(i) maxi<i<r ||Gr — aotl| = Op(ent);

(ii) Let V=Y — G(X)F', then (nT)" V2|V || = Op(enr).

Proof. By Assumption 1 and Assumption 2(i),

A 000 = | (Bus() = b)) dFo() + Op(ently?)

X

(Bual) - Hgt(m))2 dF () = /

X
= (a; — an)'Ep(ar — aor) + Op(enrk, ) > c1lla, — ao||* + Op(entk, )

where ¢; > 0, and the Op(e,7k,“) in the above equation is uniform in ¢. It then follows from

Proposition 1 that maxj<i<r ||@: — ap||* = Op(e2;).

Next, note that

n T
(nT)—l”V”Z < nLT Z <ént($z) — 7rn00t(.’13i)>2 i Op(k?;Qa)
=1 t=1
n T
- % Z Z ((ar — aor)’ ¢, (:I:Z))2 + Op (k2
i=1 t=1
<

T3 llae = aorl - A (5a) + Op (k%)
t=1

< A 2 (A ) —2a
=~ 11%1%}%Hat aOtH )\max 2(15 +OP(kn )

where 2¢ =n" 30 Ok, (xi) Pk, (x;). Since Assumption 1(iii) implies that supy ||@x, (x;)| =
Vkn, similar to the proof of Theorem 1 in Newey (1997), one can show that |3, — Zy|| = op(1)
under Assumption 2, and therefore we have Amax(fl¢) = Op(1). This completes the proof. [

Proof of Theorem 1:

Proof. Write Y = G(X)F' + V where V is as defined in Lemma 1. Let Qp be the diagonal

matrix whose elements are the eigenvalues of X, - F'F/T. Note that

Y'Y /(nT) = FG(X)'G(X)F'/(nT) + V'G(X)F'/(nT)
+ FG(X)V/(nT)+ V'V /(nT). (A1)



It then follows from Assumption 2(iv), Assumption 1(i) and Lemma 1 that:

IY'Y /(nT) - FZ,F'/T|
< op(1) +2|V[|/VnT - |GX)|l/vn- | FII/NT +||V|?/(nT)
Op(l) +OP(6nT).

By the Wielandt-Hoffman inequality, we have || —Q| = op(1). It then follows from Assumption

2(iii) and 2(iv) that Amin(€2) > 0 with probability approaching 1.
By the definition of F', Y'Y /(nT)F = FQ, it then follows from (A.1) that

F=FH+V'GX)FF/n)Q '+ FGX)VFE/nT)Q '+ V'V/nT)FQ™'.  (A.2)

Thus, it follows from (A.2) and Lemma 1 that

v F| ||F]| |G(X F| V]2
Vi [IFll |F] IG( )!\Jrop(l).u,!\ [

VT VT VT T T

Then the first part of Theorem 1 follows.

|F — FH||/VT < 20p(1) Op(ent).

Next, similar to the proof of Proposition 1 in Bai (2003) it can be shown that H >
H > 0. Thus, H is invertible with probability approaching 1. Note that G’(X ) = YF /T =
G(X)F'F/T+VF/T. Write F = FH ' + F — FH™', then

GX)=GX)H)'"+GX)(F-FH YWF/T+VF/T,

and thus

- - IGX)| |F—FHY| IE V] IEI
IG(X) — G(X)(H") " |[vn < N v iy, B Ly

Then the second part of Theorem 1 follows.

OP(5nT)-

Finally, note that B = AF /T = Bo(F'F/T) + (A — Ay)F/T. Tt follows from Proposition

1 that . .
A= Aol |IFI _

VT VT

|B — By(F'F/T)| < Op(enr). (A.3)

Thus, for any ¢ € X,

3(2)' = ¢n, (@) B = ¢y, () Bo(F'F/T) + ¢y, (@) (B ~ Bo(F'F/T))

= g9(@) (H™") + (¢, (2) By — 9(2)') (F'F/T) + ¢, (2)' (B~ Bo(F'F/T)) + Op(enr).



Thus, it follows from (A.3) and Assumption 1 that

sup |[9(z) ~ H (@) | < Op (k) + sup 5, @)]| - Op(enr) = Op(VEnzar).

This completes the proof.

Lemma 2. Let &; = Ooi(x;) — mnbot (i) = g(x:)' fr — agyPr, (xi) and Yy = F (=&it) — 1{uy

—&it}. If Assumptions 1 to 8 hold, then
2

—ag —f71 Z Vitdr, (x:)|| = Op (k%) + Op (ar) -

5l

Proof. Step 1: For any a € RP* define:

m —

= Z 7 — Hui < (@ — aot)' ¢r, () — &it}] Pr, (®),
=1

i(a) = = Z [T —F ((a — aot) b, (xi) — &it) | Pr, ().
i=1
Since F (=&;y) =7 (=&,) - &ir where & is between 0 and &, it follows that

m; (ao) Zf (=&5) - it - Pn, (). (A4)
Taylor Expansion of mj(a;) around ag; gives
m;(ay) = mi(ag) — M (a) - (ar — aor) (A.5)
where a; is between ag; and a; and
. omi(a) LS e / /
M (a;) = — oa’ la=a, = = Zf ((at — aot) ¢, (i) — fz't) C Pk, (i) Pr,, (1) (A.6)
i=1
By Assumption 3(ii) one can write
(A.7)

M; (@) = £(0) - £y + n” ' ®(X)' Dj®(X),

where 3y = n~'®(X)'®(X) and D; is a n x n diagonal matrix whose diagonal elements are



bounded by in absolute values by L |(a; — aot) ¢k, (i) — &it|. Note that by Lemma 1,

e D75 < max| (@ — ao)' @, (@) — &l

< max la: — age|| - Op(VEn) + Op(k;®) = Op(\/ Enent).

Moreover, one can write

~ A~

my(ay) = my(a) — me(aor) + (M (ao) — m(ae)

where m;(a) = mi(a) — m}(a). It then follows from (A.5) (A.7) and (A.9) that

&t — gt — f_l(O) . ﬁ];l . ’ﬁ’bt(a()t) = f_l(O) . 2;1

{m; (aor) — my(ar) — [y (ao) — my(ay)] — n~ ' ®(X) Dy ®(X)(a; — aor) }

where
n

Tht(a()t) = %Z[ ( ézt) - 1{uzt gzt}] d)kn wz — szt¢kn xz)

i=1

Since f(0) is bounded below, and )\min(fjd)) is bounded below with probability approaching 1, it

suffices to show that

max [m (aon)| = Op (k)

_ 3/2
max [my(an) | = Op(kY/?/n).

T
1 - .
= > llu(ao) = (@) |* = Op ()
t=1
lgltegngn '®(X)'D;®(X)(a: — an)|| = Op(Vkneop).-

Step 2: By (A.4) and Assumption 1,

max |[my (ao)|

1<t<
1 N
— 121%}% - ;f(—fft) “&it - br, ().
o ' 1/2—2a
< s |13 60 o)+ 0p (1),

(A.10)

(A.11)

(A.12)

(A.13)



Define z; = f(0) - & and 2z = (214, ..., 2N¢)’, then
= Zf ) it - n, (Ti) = N ®(X) 2
and

max
1<t<T

n Zf &zt d)kn wz)

= max [N~ 1<I> X)'z|| < HN_1/2<I>(X)H - max HN_1/2th = Op(k,%).
1<i<T S 1<t<T

In sum, we have

_ 1/2—2« ay —a
o [mi (a0 = Op(K/*2) + 0p(i) = Op (i),

which gives (A.10).

Step 3: Similar to the proof of Lemma A4 of Horowitz and Lee (2005) it can be shown that

e [ mi(an) | = Op(kY/?/n).

which gives (A.11).
Step 4: By (A.8) and Lemma 1

max |n~'®(X)'D;®(X)(a; — an)||

< |1 @(X) /vall3 - max [ Dflls - max a: — ol = Op(v/huir),

which gives (A.13).
Step 5: Define:

n

rule) = = 37 [Hua < (a— a0, (21) — &) — us < ~Eu}] i, (20),

=1

n

dot(ax) = %Z [F (@ — ao) ¢, (i) — &it) — F (—E&ir)] @n,, (24),

=1
dit(a) = dy(a) — E[die(cx)],  dae(ax) = dar(x) — E[boe(cx))].

Note that E[d1¢(a)] = E[d ()] because doi(a) = E[d1¢(a)|x;]. Then my(a;) — myi(ao)



T
=3 (@) — muao) | < @) + 13 @)
t=1
In what follows, we will show that
L |I; | 1/4, 71/2 5/2 -1
|19 at)H = (ln(k’ ) - b/ 2enrn ) (A.15)
t=1
1=
TZH‘Szt(dt H = Op (m(k Y2g—1y 32, 1), (A.16)
t=1

which imply (A.12) and therefore complete the proof. We will focus on the proof of (A.15) since
the proof of (A.16) is similar.

Let ¢;q(x;) be the jdth element of ¢y, (x;) for j=1,...,k,;d=1,..., D, and define
Ao, i) = Huir < (@ — ao) ¢, () — L} — T{uig < —Eit}

Then for some C' > 0, with probability approach 1,

D 2

1 <= 2 11 n
e < LTSS

t=1 j—1 d=1lla— aOtH<CanT

\f Z{A” o, x;)pja(Ti) — E[Au(c, i) pja(xi)] }

We will show that

n 2
=3 (Al @) (@) — ElAu (e 2)dja(@)]}

E sup NG
i=1

la—ao¢|| <Cepr

:O(ln(k 1ag—1/2) . 3/2 T) (A.17)

uniformly in ¢ and j, from which (A.15) follows.

Define e, = {h(a,x;) = Air(a, zi)pja(®i) — E[Ai (o, i)dja(wi)] : [la — aoll < Cenr},
and for any h € H., .. define G,h = n~Y23" | h(a,z;). Write

su Air(o, xi)pja(i) — E[Ai (e, i) dja(i)]} = |Gnblly,

la— a0t||<Can \F Z{ ' A ! [ ‘ A ‘ ]} N He
then the left-hand side of (A.17) can be written as E H(GnhHg_[s . Let N(He, ;. L2(Q), €) be the
covering number of H,, ., where La(Q) is the Ly norm for functions and () is any probability
measure on X. Similar to the proof of (A.12) in Kato et al. (2012), it can be shown that



N(He, ,, L2(Q), 2¢) < (A/e)**n for some bounded constant ¢; and A > 3/e that do not depend
ont and j. Moreover, it is easy to show that sup,cq,_ . E[h?(a, z;)] < c3vknen for some bounded
constant ca. Then, applying Proposition B.1 of Kato et al. (2012), we have

E|[Guhlly, . < es |-In(eaky e /) ka/v/n + \/ln cakin e 1% kg/%}ﬂ
< s/ In(kn e 1) KYAE2 0 (A18)

nT7

where c3, ¢4, c5 are bounded constants that do not depend on ¢ and j. Finally, (A.17) follows by
noting that (see Chapter 6 of Ledoux and Talagrand 1991)

2
E|Guhl3,, . < (ElGnhlly, ) +O0(™).

This completes the proof. ]

Proof of Theorem 2:

Proof. Let W be the n x T matrix of ¥, then the result of Lemma 2 can be written as

0~ f(0)1- 5@ (X qz/nH/\F Op (k) + Op (ur) (A.19)

From (A.2) and Lemma 1 we have
IF — FH|/VT < Op(1) - | FG(X)'V/(nT)lls + Op(ehy)- (A.20)

Define R(X) = ®(X)By — G(X), then by Assumption 1(ii) ||R(X)||/v/n = Op(k,*). More-

over, we can write

= <X>A G(X)F'
= B(X)A—B(X)A¢+ B(X)A; - G(X)F'
= ®(X)(A- Ay +R(X)F.
Thus,
FG(X)V/(nT)

— F(®(X)By - R(X))[®(X)(A - Ay) + R(X)F')/(nT)
— FB)®(X)®(X)(A - Ay)/(nT) - FR(X)'®(X)(A - Ao)/(nT)
+FG(X)R(X)F'/(nT).



It then follows from Theorem 1 and Lemma 1 that
IFG(X)'V/(nT)||s < | FBy@(X)'®(X)(A — Ag)/(nT)|s + Op(k;*).
The above inequality and (A.20) imply that
|F — FH||/VT < |FB{®(X)'®(X)(A — Ao)/(nT)|is + Op(k;*) + Op(enr).  (A21)
By (A.19) and Assumption 1(ii), we have

|FBy®(X)'®(X)(A - Ag)/(nT)l|s

£(0) M |By@(X)®(X)E, '@ (X)¥/(n°T"/?)||s + Op (k™ + nur)

= £(0) M|B{®'(X)®/(nT"?)||s + Op (K, + nur)

< fO) MG (X)®/(T?)| + |G(X) — ®(X)Boll/v/n - || ®/VnT + Op (k;* + nar)
= £(0) G (X)/(nT" )| + Op (k™ + nur) -

IN

Note that

2
_ OP(n71/2>

n

\}ﬁ > g(@i) v
i—1

|G (X)®/(nT"?)| = \};L - J % >

t=1

because it is easy to see that E Hn_l/g Yoy g(:ci)witHz < oo for all t. It then follows from (A.21)
that
|F' = FH|/VT = Op(n™"?) + Op(k;*) + Op(nar) + Op(cpr).

This completes the proof. O

Lemma 3. Under Assumptions 1, 2 and 4, we have
HA ~ Ay zf—(;@’(X)\I:(X)/nH JNT = Op (k™) + Op (7).
where Vi (x;) = F (=&it|lei) — H{uig < =&} and (X)) is the n X T matriz of ¥y (x;).

Proof. The proof is similar to the proof of Lemma 2. Therefore, it is omitted to save space. [

Proof of Theorem 3:
Proof. By the proof of Theorem 1, for any & € X,
g(x) = (F'F/T)g(x) + (F'F/T) (Bygy, (@) — g(x)) + (B — Bo(F'F/T)) ¢y, ().

9



Moreover,
B —By(F'F/T)=(A— A)FH/T + (A — Ay)(F — FH)/T.

Thus, by Lemma 1 and Theorem 1,
() — (F'F/T)g(x) = H'F'(A - Ag) by, (@)/T + Op(k,*) + Op(err v kn).
It then follows from Lemma 3 that
§(x) — (F'F/T)g(x) = H'F'¥'(X)®(X)Z) ¢, ()/(nT) + Op(ky/*~) + Op(\/ kit ).

Define dp(x;) = T~} ZtT:1 fitir(x;), q(x;) = (bk"(azi)’Zéslcﬁkn(az), then we can write
_ I
F'¥(X)®(X)%, ¢, ()/(nT) = z_; dr(w;)q(x;).
Note that E[dr(x;)q(x;)] = 0 because E[dr(x;)|x;] = 0, and it is easy to show that

Eldr(z:)dr(2i) ¢ (:)] = 7(1 = 7)(F'F/T?)},, (®) S, S, b, () + 0(1)
=7(1-7)(F'F/T%0i +o(1).

Thus, we have

e

—1/2 Fyr\—
ET,T/ (Hl) - Ok

()~ (FF/T)g(@)) = 5,7 —= 3" VTdr(@)a(a) o,
=1

n

+ Op(ky/*™* + \/kntiar)VnTo . (A.22)
Finally, it follows from the Lyapunov’s CLT and Assumption 4(iv) that

_1 vnT

S M) (9(@) — (FF/TY g()) 5 N(O,In)

n

This completes the proof. ]

Proof of Theorem 4:
Proof. Define R(X) = ®(X)By — G(X), we can write

Y =®(X)Ag+ ®(X)(A- Ay = G(X)F' + RIX)F' + ®(X)(A - A).

10



A~

F=Y'G(X) (G(X)G(X))™! = F(G(X)G(X)/n)(G(X)'G(X)/n)""
+ F(R(X)G(X)/n)(G(X)G(X)/n)~! + (A~ Ay)'((X)'G(X)/n)(G(X) G(X)/n)~",

and

fi— H'fi = (G(X)'G(X)/n)"(G(X) R(X)/n) f,
+(G(X)'G(X)/n) " (G(X)®(X)/n)(a: — ac).

It is easy to see from Theorem 1 and Assumption 1(ii) that the first term on the right-hand side

of the above equation is Op(k, ). Moreover, by Lemma 3, the second term can be written as

(G(X)G(X)/n)"" - (G(X)®(X)/n) - & Z(bkn ;) ir(xi) + Op (k) + Op(nnr)-

By Theorem 1 we can show that

(G(X)'G(X)/n)~! — H'S; H|| = Op(enr),

[(GX)®(X)/n) — HBlg(w) e, (@)]]ls = Op(ent).
LS b (@) = Op(VE /).
i=1

it then follows from Assumption 4(iii) that

(H")""n(fi — H'fi) = £, Elg (@) pr, ()15} (\/15 > bk, (wi)wit(wi)>
=1
+ Op(enrkl?) + Op(n*2k%) + Op(n**nur).

By the Lyapunov’s CLT we can show that
1 d
NG > bk, (@) (@) S N0, 7(1— 7)),
i=1

then the desired result follows from Assumption 5. O

Proof of Theorem 5:

11



Proof. First, note that

le(X)AA'®(X) - G(X )FFG(X)’II/(HT)
2|G(X)F'||/VnT - |®(X)A — G(X)F'||/VnT +||®(X)A ~ G(X)F'|*/(nT)
Op(1) - [IVII/VaT + |V |*/(nT).

IN

It then follows from Lemma 1(ii) that

|8(X)AA'®(X) — G(X)F'FG(X)||/(nT) = Op(eur). (A.23)

Second, Assumption 2(iii) and (iv) imply that the largest R eigenvalues of G(X)F'FG(X)'/(nT),
which are also the R eigenvalues of (F'F/T) - G(X)'G(X)/n, converge in probability to the R
eigenvalues of (F'F' /T)-3,. Also, note that the remaining eigenvalues of G(X)F'FG(X)'/(nT)
are all 0, it then follows from (A.23) and the Wielandt-Hoffman inequality that p; = Op(enr)
for j=R+1,..., R, and p; converges in probability in some positive constant for j =1,..., R.
The desired result then follows because P[p; > p,] — 1 for j =1,..., R and P[p; > p,| — 0 for
j=R+1,...,R. O

B Additional Simulation Results

The goal of this section is to compare the estimated factor loadings using QPPCA and QFA-Sieve
when 7' is small. To this end, consider the following DGP:

yir = (sin(27 - 241) — sin(0.57 - z42)) f1r + (sin(7 - x1) + cos2(7r i) + 1) for - ugt

where fo; = |h¢| and fi, by are independently drawn from N(0,1), {z;q}(i = 1,2,...n, and d =
1,2) are independently drawn from the uniform distribution U[—1, 1] and {u;}(i = 1,2,...,n,t =
1,2,..T) are independently drawn from the #(3) distribution. Moreover, we fix 7' = 10 and let
n = 100, 300, 500.

In Figures A.1 to A.6, the true loading functions (black lines) and the 5% and 95% point-
wise quantiles of the QPPCA (red lines) and QFA-Sieve (green lines) estimators from 1000
replications at 7 = 0.25,0.75 are plotted. It can be seen that, in almost all cases, the confidence
intervals of the QPPCA estimators contain the true loading functions, and their widths shrink
as n increases. In contrast, the confidence intervals of the QFA-Sieve estimators are much wider
and they do not shrink as n increases. This is as expected since the convergence rate of the
QFA estimator is determined by min{/n, VT}. In general, we can conclude that the QPPCA

estimators perform much better than the QFA-Sieve estimators when T is not big.

12



Figure A.1: Estimated Loading functions with 7' = 10: QPPCA and QFA-Sieve

Estimated loading function with 7=0.25, N=100, T=10

The first characteristic in first factor The second characteristic in the first factor

2 2
—— QPPCA — QPPCA
150 QFA-Sieve | | 15 F\ QFA-Sieve | |
WA 2 1 1 [
\ / 3\
050/~ \ / \ N\ 1 05
0F N y A A okb Jii
| \ - y N
f / \ 05
05| L / \ y 4
| N\ / \
14 \/ \ | 1 -
15 8 15
P . . . ) . . .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X

The first characteristic in the second factor The second characteristic in the second factor

2
—— QPPCA —— QPPCA
15¢F QFA-Sieve | 05 F QFA-Sieve ||
1 i of
o5f N g 05
/ h o /
0 N . A 1 -
. 7 7 \ . N
05 ] -1.5 e
1 \ 7 27
\\
\
15 2
-2 . I L 3 U I I I |
-1 0.5 0 0.5 1 -1 05 0 05 1
X

Note: n = 100, T = 10, R = 2 and D = 2. The DGP is: Yit = (gll(zil)+gl2($i2)) . flt +
(g21(xi1) + goo(xi2)) - for - wi, where fop = |hy| and f1;, hy are independently drawn from N(0,1),
{zwa}(i = 1,2,..n, and d = 1,2) are independently drawn from the uniform distribution U[-1,1].
gi11(x) = sin(2rx), gi2(x) = —sin(0.57x), go1(x) = sin(rx), goa(x) = cos®(wx) + 1 and {u;} are
ii.d draws from the #(3) distribution. The graphs show the true loading functions (the black line) at
7 = 0.25, and the empirical point-wise 5% and 95% quantiles of the estimated loading functions using
QPPCA (the red lines) and QFA-Sieve (the green lines) from 1000 repetitions.
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Figure A.2: Estimated Loading functions with 7' = 10: QPPCA and QFA-Sieve

Estimated loading function with 7=0.75, N=100, T=10
The first characteristic in first factor

5 The second characteristic in the first factor
T QeRcA | | | —— QPPCA
15} QFA-Sieve | | 15 F\ QFA-Sieve | |
i ) i 51

1+ A2 ai A 1F ,”

) \ 0.5
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| N\ / \
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1t 7 | 1 —|
151 1 -1.5
-2 L L L 2 L L L
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X
5 The first characteristic in the second factor 3 The second characteristic in the second factor
— QPPCA i — QPPCA /
15+ QFA-Sieve ‘L 25| QFA-Sieve | |
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N L -
// —
05 - ) 9 0.5
e //r
1 - b 0r
1.5 b -0.5
-2 1
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1

Note: n = 100, T = 10, R = 2 and D = 2. The DGP is: Yit = (gll(zil)+gl2($i2)) . flt +
(

(g21(xi1) + goo(xi2)) - for - wi, where fop = |hy| and f1;, hy are independently drawn from N(0,1),
{zwa}(i = 1,2,..n, and d = 1,2) are independently drawn from the uniform distribution U[-1,1].
gi11(x) = sin(2rx), gi2(x) = —sin(0.57x), go1(x) = sin(rx), goa(x) = cos®(wx) + 1 and {u;} are

ii.d draws from the #(3) distribution. The graphs show the true loading functions (the black line) at
7 = 0.75, and the empirical point-wise 5% and 95% quantiles of the estimated loading functions using
QPPCA (the red lines) and QFA-Sieve (the green lines) from 1000 repetitions.
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Figure A.3: Estimated Loading functions with 7' = 10: QPPCA and QFA-Sieve

Estimated loading function with 7=0.25, N=300, T=10
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X
n 300 T = 10, R = 2 and D = 2. The DGP is: Yit = (gll(zil) —|—912(Ii2)) .

(gzl(xll) + g 2(:&2)) - far - wg, where fop = |hy| and f1;, hy are independently drawn from N(0,1),
= 1,2,..n, and d = 1,2) are independently drawn from the uniform distribution U[—
g11(x ) = sm(?mc), g12(x) = —sin(0.57x), go1(x) = sin(rx), goo(x) = cos®(wx) + 1 and {u;} are

ii.d draws from the #(3) distribution. The graphs show the true loading functions (the black line) at
7 = 0.25, and the empirical point-wise 5% and 95% quantiles of the estimated loading functions using
QPPCA (the red lines) and QFA-Sieve (the green lines) from 1000 repetitions.
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Figure A.4: Estimated Loading functions with 7' = 10: QPPCA and QFA-Sieve

Estimated loading function with 7=0.75, N=300, T=10
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Note: n 300 T = 10, R = 2 and D = 2. The DGP is: Yit = (gll(zil)+gl2($i2)) . flt +
(g21(zin) + ¢ 2(:&2)) - far - wg, where fop = |hy| and f1;, hy are independently drawn from N(0,1),
{zwa}(i = 1,2,..n, and d = 1,2) are independently drawn from the uniform distribution U[-1,1].
gi1(x) = sm(?mc), g12(x) = —sin(0.57x), go1(x) = sin(rx), goo(x) = cos®(wx) + 1 and {u;} are
ii.d draws from the #(3) distribution. The graphs show the true loading functions (the black line) at
7 = 0.75, and the empirical point-wise 5% and 95% quantiles of the estimated loading functions using
QPPCA (the red lines) and QFA-Sieve (the green lines) from 1000 repetitions.
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Figure A.5: Estimated Loading functions with 7' = 10: QPPCA and QFA-Sieve

Estimated loading function with 7=0.25, N=500, T=10
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Note: n = 500, T = 10, R = 2 and D = 2. The DGP is: Yit = (gll(zil)+gl2($i2)) . flt +
(g21(xi1) + goo(xi2)) - for - wi, where fop = |hy| and f1;, hy are independently drawn from N(0,1),
{zwa}(i = 1,2,..n, and d = 1,2) are independently drawn from the uniform distribution U[-1,1].
gi11(x) = sin(2rx), gi2(x) = —sin(0.57x), go1(x) = sin(rx), goa(x) = cos®(wx) + 1 and {u;} are
ii.d draws from the #(3) distribution. The graphs show the true loading functions (the black line) at
7 = 0.25, and the empirical point-wise 5% and 95% quantiles of the estimated loading functions using
QPPCA (the red lines) and QFA-Sieve (the green lines) from 1000 repetitions.
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Figure A.6: Estimated Loading functions with 7' = 10: QPPCA and QFA-Sieve

Estimated loading function with 7=0.75, N=500, T=10
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Note: n = 500, T = 10, R = 2 and D = 2. The DGP is: Yit = (gll(zil)+gl2($i2)) . flt +
(g21(xi1) + goo(xi2)) - for - wi, where fop = |hy| and f1;, hy are independently drawn from N(0,1),
{zwa}(i = 1,2,..n, and d = 1,2) are independently drawn from the uniform distribution U[-1,1].
gi11(x) = sin(2rx), gi2(x) = —sin(0.57x), go1(x) = sin(rx), goa(x) = cos®(wx) + 1 and {u;} are
ii.d draws from the #(3) distribution. The graphs show the true loading functions (the black line) at
7 = 0.75, and the empirical point-wise 5% and 95% quantiles of the estimated loading functions using
QPPCA (the red lines) and QFA-Sieve (the green lines) from 1000 repetitions.
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